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We consider the transformation for the point rotation frames with the angle, spatial coordinate along 
the axis of rotation and time as variables. The problem arises when light, propagating through 3- fold 
electrooptical crystal, is modulated by the circularly polarized electromagnetic wave traveling along 
the optical axis of the crystal. With help of the transformation we show that such a wave cannot 
produce an extra optical frequency shift discussed earlier. In contrast to that the modulation by 
the rotating spatially invariable electric field produces the shift. The formal change to this case 
may be carried out by reducing the velocity of the traveling wave to zero. Some properties of the 
three-dimensional transformation are discussed. 



PACS numbers: 42.50.Xa, 03.65.Ta, 06.20.Jr, 06.30.Gv 



I. INTRODUCTION 

Recently the general linear two-dimensional transfor- 
mation for point rotation coordinate frames was consid- 
ered A distinguishing feature of the frame, in contrast 
to the Cartesian one, is the existence of the rotation axis 
at every point. The frame coordinates are an angle and 
time; the frequency of rotation is a parameter. The con- 
cept of the frame originates from the optical indicatrix 
(index ellipsoid) Rotation of the optical indica- 

trix arises in three-fold electrooptical crystals under the 
action an rotating electric field applied perpendicular to 
the optical axis [J] • Any rotating field also has the axis of 
rotation at every point. In this regard the point rotation 
frame is more adequate for the description of such fields 
than the Cartesian frame. 

The consideration is motivated by necessity to know 
the frequency superposition law. The law is a conse- 
quence of the transformation and used for the descrip- 
tion of the single-sideband modulation of light in elec- 
trooptical crystals The description is based on 
an approach connected with the transition to the frame 
with the resting indicatrix [J]. The approach is shortly 
described below. 

Consider a plane circularly polarized light wave prop- 
agating through the crystal with the rotating indicatrix. 
Transit to a frame with the resting indicatrix. The fre- 
quency of the wave is changed in correspondence with 
the law. If the amplitude of the modulating electric field 
equals the half-wave value then at the crystal output the 
circular polarization of the wave is reversed. After the 
transition to the initial frame the frequency shift is dou- 
bled. If the law is linear one then the shift equals the 
frequency of the modulating electric field (for the Pock- 
els crystals). In the opposite case there must be an extra 
optical frequency shift. The linear law follows from the 
Galilean transformation which is postulated a priori. 

In the general transformation the reverse frequency, 
i.e., the frequency of the first frame relative to the sec- 
ond one, is a function of the direct frequency. However 
both the frequencies are assumed to be symmetric. It 
means that the direct frequency is the same function of 



the reverse frequency. Using symmetry of the frame co- 
ordinates it was shown that three different types of the 
transformation are possible. The first type is a general- 
ization of the Lorentz transformation. The second and 
third types are principally different and possess unusual 
properties, in particular, an uncertainty of the time de- 
termination. In Ref. p| an experiment for testing the 
second type of transformation was described with the 
modulation by the rotating spatially invariable electric 
field. Such a modulation corresponds to two-dimensional 
transformation. 

The point rotation frames have no transverse coordi- 
nates and, therefore, they are not compatible with the 
Cartesian frames. However a coordinate along the axis 
of rotation can be used as the spatial coordinate. 

In this paper we consider three-dimensional transfor- 
mation for the point rotation frames with such a coordi- 
nate. For the point rotation frames we have no a princi- 
ple, like the relativity principle, for obtaining the exact 
form of the transformation. Instead we use some sym- 
metry considerations and the expansion of the transfor- 
mation parameters in power series in terms of the direct 
and reverse frequency. As it was assumed in [l[ the char- 
acteristic time t inherent in the transformation is about 
"nuclear time" of the order of r ~ 10 ~ 23 sec. The time 
is defined as the size of proton divided by the speed of 
light. Therefore the normalized frequency in the optical 
range is about 1CP 8 ~ 10~ 9 and we can restrict the con- 
sideration to the first terms of the expansion. Moreover 
we assume that parameters connected with the spatial 
coordinate in the first approximation correspond values 
in the Lorentz transformation. 



II. ROTATION OF THE OPTICAL INDICATRIX 
IN 3-FOLD CRYSTALS. 



It is well known that propagation of plane optical waves 
along the optical axis of 3-fold crystals is described by the 
section of the indicatrix perpendicular to the optical axis 
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1 5 2 + 2r 6 ixia;2C/i + ri 2 a; 2 [/2 + r 22 x\U 2 = 1, (1) 

where n is the ordinary refractive index, t/fc is the applied 
electric field, r™ are electrooptical coefficients r 22 = 
-r 12 = -r 6 i = r |. 

Using rotation around the optical axis a;i = x cos a — 
ysina, £2 = a; sin a + ycosa, we reduce section ([1} to 
the principal axes 
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= 1, tan 2a = 
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where the refractive indices are given by 
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(3) 



We consider the rotation of the optical indicatrix in two 
important cases. In the first one the applied electric field 
rotates around the optical axis but spatially is invariable: 
Ui = [/sin$, U 2 = C/cos$, where $ = fit, a = fit /2,fl 
is the frequency of the electric field. This is achieved by 
applying a electric field to the system of electrode pairs on 
the side faces of crystal. The rotation is provided by the 
corresponding phase shift for every pair 5] , 6] . The first 
case corresponds to infinitely large velocity or infinitely 
small length of crystal. Alternatively the time-transit 
problem must be taken into account. 

In the second case the rotation is created by a powerful 
traveling circularly polarized electromagnetic wave with 
$ = (fit — kz), where k is the propagation constant, the 
angle a = (fit — kz)/2. The optical indicatrix not only 
rotates but also moves with the velocity u = fl/k. In the 
second case the phase matching between the modulating 
and modulated wave is necessary. 



The difference n. 



rU do not depend on time. 



If the phase retardation between two light components 
along the principal axes of the indicatrix after passing 
through the crystal equals 7r, i.e., if n 3 rUd = A/2, then 
the crystal is equivalent to the rotating (or rotating and 
moving) half-wave plate. Here A is the light wavelength, 
d is the crystal length. 



III. TWO-DIMENSIONAL TRANSFORMATION 

The general linear transformation for the transition 
from one frame to another may be written as follows [l[ 



v = q(<p-vt), t 



— tp-Q-t, (4) 
qv v 



where ip is an angle (the angle between the electric vector 
of a plane circularly polarized light wave and an axis in 
the first frame), t is time, v is the frequency of second 
frame relative to first one, tilde corresponds to the reverse 
transformation. It is obvious that ([¥]) turns out into the 



reverse transformation if variables with tilde change to 
variables without tilde and vice versa. 

The functions v(v) and q(v) remain indeterminate ex- 
cept the condition at small v, namely, v — > —u, q — ► 1 
if v — ► 0. Moreover if v = f(v) then v = f(v). Using 
new variables (v + v) and vv, both the equations may be 
rewritten in a symmetric form 



v = F(x), 



(5) 



where F is a function with the condition F(0) — 0, x = 
vv is a parameter. It is assumed that v and v have 
opposite signs therefore x is always negative. 

In [l[ it was found that, because of symmetry of ip and 
t and the condition ^ , the types of the transformation 
are defined by the equation 



F [ —) - -F(x) = 0, 

x x 



(6) 



where = (1 — l/qq)/a, a is a dimensional constant. 

Three type of solutions of Eq. ([6|) exist. First type is 
exact solution = vv. The transformation J3J for the 
solution of the first type is a generalization of the Lorentz 
transformation. 

The second type of solutions may be presented as series 



= cy'—x + c n (\ 



(7) 



where c = ±y/—r, c n are constants, r is a real negative 
root of the equation F(r) = 0. For multiple roots the first 
term of expansion ([7|) is proportional to (— x) ^ , where m 
is multipleness of the root, with corresponding changes in 
next terms; in this paper we consider the most important 
case with m = 1. The third type is a supplement to the 
second type and corresponds to complex roots. 

Examples of solutions of the second and third types 
are shown in Fig. 1. The examples represent the func- 
tion 0(^) for F(x) — xP n (x), where P n is a polynomial 
of power n with positive coefficients. For such polyno- 
mials solutions of Eq. ^ exist only for negative x. The 
solutions of the second type cross each other at the point 
(0,0), others are solutions of the third type. The con- 
stant g = 0.01. Increasing this constant leads to the 
increase of asymmetry between the right and left part of 
the figure. Obviously the examples are far of exhausting 
all possibilities. 

The expansion of q(v) in power series in v cannot cor- 
respond to the solution (JT]). Such a correspondence is 
possible if the expansion has the form 



<1 



= +ea' n )v ri 



n=0 



(8) 



where e = ±^—x/u, e — ±\f—x/v, for v — > e — > 
±l,e — > — e. In this case we do not miss the second and 
third types of solutions. Unfortunately in Ref. [l[ the 
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FIG. 1: Solutions of the second and third type for 
F = gx[-0.06 + (0.5 + a;) 2 ][0.001 + (1.7 + a;) 2 ] 



value +e was used for e. Therefore the mistaken con- 
clusion was made about asymmetry of the extra optical 
frequency shift by reversing of the electric field rotation. 
However the schematic of the experiment proposed in the 
paper [l[ allows to measure as asymmetric as symmetric 
shifts. 

The transformation [J] for the solution of the second 
type possesses an unusual property. For v — ► one fol- 
lows from Eq. (0 (1 — \jqq)jv — > et. In this limit Eq. 
© is 



((> = If, t = Tip + t. 



(9) 



The limit corresponds to the transformation "into itself . 
This result is interpreted as uncertainty of the time de- 
termination [![. Indeed, different ways are possible to 
come in the point (0,0) along one closed curve in Fig. 1. 

Normalizing ip — > ipy—Wjv, q — > —qv /v, we arrive 
to the case v = — u, \e\ = 1. It is known that the Galilean 
as well as the Lorentz transformation is invariant under 
the sign change of both the velocity and time. Here we 
extend this principle to the transformation (J4J) and as- 
sume that the normalized transformation ^ is invariant 
under the change v — > —v, t — > —t, t — > —t. It means 
that q = q or in the expansion © coefficients a n and a' n 
with odd and even n respectively are equal zero. 

In [l[ it was shown that the extra frequency shift at the 
crystal output may be measured only for the second type 
of solutions. In the first approximation the shift doesn't 
depend on is, i.e., such a shift may be produced by the 
usual half-wave plate. It, however, doesn't mean that the 
shift could be doubled by passing the second modulator 
or the half-wave plate. In this case the polarization of the 
wave would turn back to its initial state and the extra 
shift would disappear. 



IV. THREE-DIMENSIONAL 
TRANSFORMATION 

The transformation in the 3-dimensional case may be 
written in the following general form 



V = qi[<P+Pi(z ~ ut) - ut], 
z = q2\v2{<j> - vt) + Z - Ut], 
t = qzi¥ + qmz + 933*, 



(10) 



where ip, v is defined as in Section II, z is the coordinate 
along the axis of rotation, u is the velocity of the second 
frame (the moving and rotating optical indicatrix) rela- 
tive to the first one, all parameters are functions of v, u. 
For definiteness we assume that the right-hand polarized 
light, propagating in the positive direction of the z-axis, 
has positive u, v. The terms pi (z — ut) and P2 {ip — vt) de- 
scribe the velocity and frequency dismatch between the 
modulating and modulated wave. Note that using the 
transformation (|10p in another form, with the frequency 
vl = v + piu and the velocity ui — u + P2V, leads to 
erroneous results. 

Using Eq. (|10|) we may find the output frequency in 
the experiment of Ref. [if. Let to — <p/t and V = z/t to 
be the frequency and velocity of the light wave in the first 
frame. If the optical frequency in the second frame u> = 
(pjt changes the sign to — ► — Co then the output frequency 
in the initial frame is 



l-2g 3 igiA' 



(11) 



where A = to + pi(V — u) — v. 

Now we assume that u = —u, since u is the velocity 
of rectilinear move, and normalize the transformation so 
that v = —v: 



V-vv, (cp, pi) 



— (tp>Pi)> 
v 



(ei,P2,93l) -> {Ql,P2,Q3l)\ --■ 

V v 

We assume that Eq. (fTU)) is invariant under the change 
v = — u — > — u, t = —t, t = —t. In this case <J 3 i = 
— (731, 532 = — (732 , whereas other parameters with the 
tilde equals to that without the tilde. 

Using the reverse transformation, we obtain a system 
of five independent equations for seven parameters of Eq. 
(|10jl . Expressing the parameters in the terms of qi , (72 we 
find 



Pi 

931 

<?32 
933 



V (gg - 1) 
u qi 

(91-1) (Qi 



P2 



U (gl - 1) 
V 92 



92) 



(91 + 92 - l)v 
(92 - l)(9i +92) 
(91 + 92 - l)u 
(91 + 92 - !)■ 



(12) 

(13) 

(14) 
(15) 
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Expand q\ , q± in power series in v . It is reasonable to 
assume that coefficients of the expansion are even func- 
tions of u 



qi = a + eaii> + a-2V + ea^v 
q 2 = b + eb\V + b 2 v 2 + eb 3 u 3 . 



(16) 
(17) 



In the limiting case at v — > the parameter q^\ must 
be bounded therefore a = 1. Moreover b must be equal 
the corresponding Lorentz value: b = l/\/l — 7 2 , where 
7 = u/c, where c is the speed of light in crystal. Using 
the values we obtain in the first approximation 



Pi = 



7/7 



p 2 = u eaiy/l - 7 2 , 

q 31 = -£Oi(Vl - 7 2 + 1), 

7 

932 — , = , 933 - 



1 



With these definitions the transformation Eq. (JTOJ) is 

^7 



(18) 

(19) 
(20) 

(21) 



c v / i 3 7 2 "(i + VT^F) 

. . 2 — ut 

ueai{ip — vt) + 



;ai(V'l-7 2 + l)^ + 



(z - wi) - i4, (22) 

= , (23) 
— 7z/c + 1 



(24) 



In the condition of the phase matching z = ct, u — > c 
the reverse velocity z/f must have physically acceptable 
values. From this requirement one follows that a\ may 
be presented in the form a\ — —^(y/l — 7 2 ) tCt)) where 
^ > 1, t(7) is a function, r(0) equals the introduced 
above characteristic time r. 

Using Eq. (fTTjl we obtain for two cases u = and w = c 
respectively 



w oll t — 



-w + 2v 
1 - 2tuj ' 



w „t = -<x> + 2 



(25) 



where we neglected small terms with v in the first expres- 
sion. The output frequency for u = coincides with the 
value calculated for the two-dimensional case. For u = c 
the extra shift vanishes. Note that this result coincides 
for both the normalized and non-normalized transforma- 
tion. 



CONCLUSION 



We have considered the three-dimensional transforma- 
tion for the point rotation frames in two important cases. 
In spite the fact that there is no a general physical princi- 
ple, the transformation may be defined with help of some 
symmetry considerations and the expansion of parame- 
ters in terms of the frequency. A surprising result is the 
absence of the extra shift in the case of the modulation by 
traveling electromagnetic wave in condition of the phase 
matching. 

However the main question about the existence of the 
extra shift in reality remains to be open. Some argu- 
ments in favour of the positive answer on this question 
are below. 

The optical indicatrix as a coordinate frame have been 
used for more than hundred years. The Galilean trans- 
formation for such a rotating frames seems unacceptable 
since fields with infinitely large frequencies are not known 
in physics. The Lorentz transformation seems too simple 
because it have only one limiting frequency. In contrast 
to that the transformation corresponding to the solutions 
of the second and third type possesses a variety possibili- 
ties. The arguments in some extend confirm the necessity 
to perform measurements of the proposed extra shift and 
the characteristic time. 
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